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Abstract

We propose a discrete time quantum Markov chain (QMC) related
to previous proposals but yet with a different semantics. A probability
measure is defined similar to as for DTMCs in contrast to e.g. the super
operator valued measure in [2]. Our work is based on a simple imperative
quantum pseudo programming language and its denotational semantics
which naturally leads to a definition of a QMC. As a novelty we demon-
strate how reachability events of a QMC expressed in a simple temporal
logic like notation may be checked similar to as for DTMCs as transient
state probabilities and how probability intervals of such events may be
computed by smallest fixed-point solutions to linear equations.

1 Introduction

Quantum computing had its beginnings in 1982 when Feynman [3] pointed out
that a quantum mechanical system can be used to perform computations. The
prime factoring algorithm by Shor [9] published in 1994 with its exponential
speedup compared to the best performing known algorithms running on tradi-
tional computers solving the same problem is a notable contribution illustrating
the quantum computing potential. Since the publication of Shor’s result there
has been much research about quantum algorithms and quantum computing.

While we are still waiting for quantum computers with sufficiently many
logical qubits to be able to run algorithms like Shor’s we have seen development
of quantum programming languages. The first real quantum programming lan-
guage from 2003 is due to Omer [7]. An influential paper from 2004 by Sellinger
[8] proposes a quantum programming language with a denotational semantics
and partial density matrices as denotations.

Formal methods for reasoning about quantum programs and algorithms have
been widely studied the last two decades. The paper [4] from 2005 is an early
example of using the probabilistic model checker PRISM [6] to verify quantum
protocols in a classical probabilistic framework. Later variants of Markov chains,
quantum Markov chains, were tailored towards modeling and verification of
quantum systems. A recent book [11] by Ying et al. gives a state of the art



of model checking quantum systems described by quantum Markov chains and
their properties in extensions of classical temporal logics.

The contribution of this paper is a denotational semantics of a simple im-
perative quantum pseudo programming language, an approach corresponding
to the one in [10]. The program semantics naturally leads to the definition of
the notion of a discrete time quantum Markov chain (QMC). Our notion of a
QMC is similar to the super-operator weighted Markov chain defined in [2] by
Ying et al., however we define a probability measure like for DTMCs in contrast
to the super-operator valued measure proposed by Ying et al. As a novelty we
show how verification of reachability events in a temporal logic like notation
may be carried out using verification techniques known from DTMCs. Notably
we show how intervals for bounded reachability events may be computed as
transient state probabilities and how probability intervals for unbounded con-
strained reachability events may be computed through the least fixed-point of
two sets of linear equations on operators on partial density matrices.

2 A pseudo quantum programming language

We define an imperative quantum pseudo programming language with quantum
variables on which unitary operators may be applied. The language contains
probabilistic branching and a probabilistic loop construction. The language
adopts the idea of ”classical control and quantum data” presented in [8].

Assume a finite set of qubit quantum variables ranged over by q. The syntax
of our pseudo programming language is defined by the grammar:

= V begin S end
= qubits r; register r; | register r;

er | q
0 | U(r) | S;8 | if M[q] then S else S | while M[q] do S end

nHK <"
|

Prog is the set of all terms generated by the grammar for P, Var is the set of all
terms generated by the grammar for V, and Stmt is the set of all terms generated
by the grammar for S. Brackets may be used to avoid ambiguities.

A program starts with a declaration of quantum variables. Some are local
and those occuring after the keywork register belong to a register that will
contain the program result. Intuitively the meaning of a term in Stmt is as
follows. 0 is the inactive code. U(r) means that a unitary operator U is applied
to the qubits referred to by the variables r. Program parts may be put together
in sequence S;S. The if construction does a mesurement M on a single qubit
q. If the outcome is the state 1 (corresponding to true) the then branch is
pursued, otherwise the statement affiliated with else is carried out. The loop
construction measures the state of a single qubit variable, if the outcome is state
1 then the loop continues otherwise it terminates. !

INotice that qubits cannot be copied, so the syntax supports the non-cloning property of
quantum physics.



begin

qubits c;

register p, q;

X(c);

while M[c]

do H(c);
if M[c] then A+(p,q) else A-(p,q);
H(c)

end

end

Figure 1: The program PO.

Suppose a random walk program PO over three qubit variables c, p and q as
defined in Figure 1. Intuitively ¢ acts as a coin, H is the Hadamard operation on
qubits, and X swap qubit states. The two variables p and q constitute a register
of two qubits representing the states |00), |01), |10) and |11) corresponding to
the binary representation of the numbers 0, 1, 2 and 3. The operator A+ adds
1 modulo 4 to a state |i), and A- subtracts 1. We let the program be prepared
such that all qubits are initialized to |0). Measuring the coin we enter the loop
whenever the coin is in state |1), hence the program is probabilistic. Note that
the loop will for sure be entered once. The first step in the loop is to apply the
Hadamard operation on the coin. Measuring the coin again we may then with
equal probability either add or subtract 1 modulo 4 to the register of p and q.
The last step in the loop is to apply the Hadamard operation on the coin. The
loop will then be entered again with probability a half. What will be the result
of running the program? What is the likelihood of the result being an even
register value or an odd register value? Will we with equal probability observe
an even or odd value? The answer to the latter question is, as we shall see, no.

3 Preliminaries

Let C be the set of complex numbers. Suppose n > 0 qubit unit vectors |i);) €
C2. The qubits constitute a unit vector [¢) = |1g) ® -+ @ |tp,,_1) in H, a finite
dimensional Hilbert vector space C*" with inner and outer product (1[¢') € C
and |¢) (| € C2"*2" respectively, and computational basis |0),...,[2" —1).

Consider the set of square matrix operators on vectors in H. 7 is the set
of Hermetian matrices, i.e. M € H if M = MT where M' is the conjugate
transpose of M. M is normal if M- Mt = MT. M, hence all M € H are normal.
P C H is the set of positive matrices, i.e. M € P if (¢| M |¢p) > 0 for all [¢)).
M is positive definite if (1| M |1p) > 0 for all non-zero |¢).

Let D C P be the set of partial density matrices, i.e. p € D is Hermetian,
positive, and Tr(p) < 1. p is a density matrices if Tr(p) = 1. Sometimes we
write D,, to signify D C C2"*2" ie. p € D, is a partial density matrix over n



qubits. Partial density matrices may be composed using tensor products such
that whenever p € D,, and p’ € D,, then p&p’ € D, 1. A partial density matrix
may be decomposed through a partial trace mapping Trp, : Dpym — Dp
defined by:
Tro,(p) =D (i@ 1) p- (i) ® 1)
i

where I is the identity matrix on D,, and {|i)} is the computational basis for
D,,. It follows that Tr(p) = Tr(Trp, (p)). For instance, whenever p € D,, and
p' € D, then

Tro,(p@p) = (il -pep (i) eI
= 2(ll-p-l)@l-p' -1
= Tr(p)- ¢

P € H is a projection if P- P = P. A finite sequence {P;} of projections
is a projective measurement if P; - P; = 0 when ¢ # j and > P; = I. Letting
by convenience M /p = 0 when p = 0 the outcome of a projective measurement
{P;} applied on a partial density matrix p is a finite sequence, an ensemble, of
partial density matrices

{Pi}(p) ={(pj, P - p- Pj' /pj) | pj = Tr(P; - p), P; € {P;}}

where Tr(p) = > p;. That is, the outcome of the projective measurement is
one of P; - p- P;'/ Tr(P; - p) € D with probability Tr(P; - p).

Define the (Léwner) partial order C on D by p C p' if p' — p € P. (D,C) is
a complete partial order (CPO).

Let (A, C) be a partial order. Define the lifted partial order (A — A,C) by
letting F C G whenever F(a) C G(a) for all a, and for any increasing sequence
{F:} the function UF; is defined by (UF;)(a) = U(F;(a)) where U(F;(a)) is the
least upper bound of {F;(a)}. If (A4, C) is complete (A — A, C) is complete.

For a CPO (A,C) F : A — Ais monotonic if F(a) C F(a’) whenever a C a’.
F is continuous if F(Ua;) = UF(a;) for all increasing sequences {a;}.

4 Denotational semantics

In this section we give a denotational semantics for our imperative quantum
pseudo programming language. Others, e.g. [10], have proposed similar denota-
tional semantics for quantum programming languages.

Suppose a program P with m local variables and n > 0 register variables.
The denotational semantics for P is defined by a function [ | : Prog — D,
where

[V begin S end] = Trp,, ([S]([V]))



with [ ] : Var — Dy,4p defined by

[qubits r; register s;] = [r] ® [s]
[register r;] =[]

[a, =] =10) (0] @ [«]

[a] = 10) (O]

initializing each qubit variable to |0). Note how the part involving local variables
is decomposed from the resulting semantics of [P].
The semantics of statements is defined by the function

[ 10):Stmt X Diyn — Dinin

For each unitary operator U(r) we let Uy,) € M be the corresponding
unitary matrix (applied on all qubits in the program). A matrix U is unitary if
it is normal and U - U = I. For the inactive code, the unitary operator, and
statement composition we have

[0](p) = »
[V = Uvy P+ UU(r)T
[s;T](p) [TI([8](p))

Since Uy(y) is a unitary operator Uy - p- UU(r)T is a partial density matrix if p is,
and if both [T]() and [S]]() preserves partial density matrices then by induction
also [[S;T]() does.

The two 2 times 2 matrices Py = |0) (0] and P; = |1) (1| are qubit projec-
tions into their computational basis and together they constitute a projective
measurement M = {Py, P;}. We may be interested in a measurement of a single
qubit that is combined with other qubits. Let j € {0,...,m +n — 1} be the
index for the variable q for the qubit we want to measure. Define M; = {Py, P; }
if i = j and M; = {I} otherwise where I is the 2 times 2 identity matrix, and
let

M) ={Qo® - ® Qmin—1] Qi € M;}
Witing P; for Qo®- -+ @ P, @+ -+ @ Qun—1 then M[j] = {Py, 1} is a projective

. . . m+n
measurement in the computational basis of C2" .

Given a pseudo program with m-n qubit variables, let 5 € {0,...,m+n—1}
be the index of the variable q in M[q]. Letting

M{5)(p) = {(pi, pi) | pi = Tr(Pp), pi = PipP] /pi, P; € M[j]}

the semantics of the if statement is as a partial density matrix being a linear
combination of partial density matrices

[if M[q] then S else T](p) = polT] (o) + p1[S] (p1)

assuming by induction [S]() and [T[() preserves partial density matrices. Note
that we let the projection Py represent ”false” and P, represents ”true”



For the semantics of the while construct let q in M[q] be the qubit indexed by
j. This gives like above a projective measurement M|[j] = {PO, ]51} Assuming
by induction [S]() preserves partial density matrices, define two endo-functions
Fo and Fi1 on D,y by

Folp) = PopPl  Fi(p) = [S](PipP))

then letting 7 = I

oo

[while M[q]l do S end](p) = Z]:o(]ﬁi(p))

=0

I.e. the semantics of the while construction is the least fixed-point for the
continuous higher order endo-function Fipize on Dyygry — Doy, where

]:while(]:) = f0+f(F1)

The least fixed-point is due to Knaster-Tarski the least upper bound of the
increasing sequence: 0 = FL.1.(0) C F2,1.(0) C ... C Fli1e(0). ..

while while

4.1 Termination

Programs may not terminate and loop indefinitely. As an example, consider

begin

register q;

X(;

while M[q] do O end
end

Cleary this is an infinite loop, it terminates with probability 0. Each element
in the infinite sum Z?io Fo(F{ (1) (1])) is a zero matrix so the denotational
semantics is the zero matrix with trace equal to 0.

Tr([S](p)) is the probability S terminates when started in state p. One may
show that Tr([S](p)) < Tr(p).

4.2 Example

Recall the probabilistic example program PO in Figure 1 where the tossing of
a coin, the qubit c, influences a random walk on the values of the register
consisting of two qubits p, and q.

The program starts in a state where all the qubits are initialized to |0).
Hence the program initial state is |000) (000|. The first step of the program
is to swap the state of the qubit for the variable ¢ so the density matrix then
becomes p = |100) (100].

By convenience we let a partial density matrix be written as a sum of
elements > p;p; where p; is a probability and p; is a partial density matrix



pi = 10) ® |7) - (0| ® (i| where the label ¢ ranges over the binary numbers 00, 01,
10 and 11.

The local variable c is indexed by 0 so let ¢ = 0 in the definition of the
functions Fo and F7 in the denotational semantics. Then the semantics of the
loop, Funite(p), when the loop as input is given the density matrix p is

Fanite(p) = 0+ Folp) + Fo(Fi(p)) + Fo(Fi(p)) + Fo(Fi(p)) + - -
= Zf{’:l gfzn%poo + 22%001 + le%pm + Qr%pn
%Poo + %Pm + %pm + %pn

Decomposing the part of Funiie(p) relating to the subsystem being the local
variable ¢ the semantics of PO is Trp, (Funite(p)), i-e.

[PO] = % |00) (00| + % |01) (01| 4+ é [10) (10| + % [11) (11|

Hence the probability of observing an odd versus an even register value is 2/3
and 1/3 respectively.

It seems that variants of PO where the value of the coin is manipulated
differently before and inside the loop all will produce an outcome where the
register values are not evenly distributed. So how to define a variant of PO
where the result is an even distribution of the register values? We could e.g.
make use of superposition. Let the program QO be PO but with HH(p,q) added
just before entering the loop. The meaning of HH is I ® H ® H which brings
the register in a balanced superposition possessing all the potential four register
values simultaneously with equal probabilities. Consequently, when the register
is incremented (or decremented) all the four values will simultaneously be in-
cremented (decremented) leaving the register unchanged. Hence the semantics
of QO is the balanced superposition

180] = 7 100} (00] +  01) (01 + 7 [10) (10| + § |11) {11

5 Quantum Markov Chains

In [2] the authors define a super-operator weighted Markov chain based on a
countable set of states and a transition function where pair of states are mapped
to a so-called super-operator over a Hilbert space. Below we adopt a slightly
different approach and define a variant of a quantum Markov chain inspired by
[5] as a pair (M, A) where M is a square matrix with super-operator entries
and A is a vector of partial density matrices on which M may be applied.
In contrast to the super-operator valued measure in [2] we define instead a
probability measure similar to as for DTMCs.

5.1 Example

Consider the program Q1 and its associated graph in Figure 2. We let labels on
the graph represent partial density matrix operators Fy(p) = U - p- UT when



begin @
register q; PO H

while M[q] do H(q) end . 6 Pl a
end

Figure 2: The code for Q1 and its graph representation.

U is unitary and Fp(p) = P - p- P' where P is a projection. {Py, P,} is the
projective measurement on the qubit referred to by the variable q.

Intuitively the program starts in the initial state SO in which a projective
measurement is made on its variable q. If the outcome is 0 the state S1 is entered
and never left, otherwise the program enters state S2 and returns to the initial
state after a Hadamard operation on q. Q1 can be represented by the 3 times
3 matrix M with density matrix operators where the indices 0, 1, 2 corresponds
to the program states SO, S1, and S2 respectively.

0 0 Fg
M = ‘FPO I 0
Fp, 0 0

M ;, corresponds to the operator applied when going from program state j to
i. So, the entries in column j are the outgoing operations from program state j
and the entries in row ¢ are the incoming operations to program state .

Assume an initial system state vector A = (pg,0,0), i.e. the state SO has
the initial value pg = |0) (0]. We call the tupple Mg = (M, A) for a quan-
tum Markov chain. Applying M on A yields the system state vector MIA =
(0, Fp,(po),0) = (0, po,0) and applying M once again gives M(MA) = MA,
hence the evolution of Q1 is the periodic system state vector path

AMA)(MA)...(MA)
Since S1 is the terminal state in Q1 we may represent the semantics of Q1 by
[Q1] = lim (M"A)[1]
n—oo

where (M™A)[1] is entry 1 in M"™A.
Because Fp, (A[0]) = 0 there is only one path of the system, i.e.

Q1 — (07 pO)(lv pO)(lv PO) s

relative to the sequence of operators M o, My 1, M 1,...

Observe that we are operating with states at two levels, one kind of states
are the program states SO, S1, and S2, the other kind of states are the state
vectors of the associated Hilbert space represented as density matrices.



Suppose instead we have an initial system state vector A’ = (p’,0,0) where
p' = |+) (+]. Then letting p; = |1) (1| we get:

M'A" = (0,p0/2,p1/2)
MPA = (0/)2,po/2,0)
MPAT = (0,3p0/4, p1/4)
MAA' = (/4. 300/4,0)

In general, if Af = (0, (2" —1)po/2™, p1/2™) and AT = (p’ /2™, (2" — 1)py /2™, 0)
we have the non-periodic evolution of system state vectors

AALATAZAZ L ATA

In this case the system has infinitely many periodic paths:

T™o = (O,pl)(l,p0/2)(1,p0/2)...
mo= (0,0)(2,p1/2)(0,0"/2)(1, po/4)(1, po/4) - ..
m = (0,p")(2,01/2)(0,0'/2)(2, p1/4)(0, p' /4)(1, po/8)(1, p0/8) - ..

5.2 Quantum Markov Chains

We next define the notion of a discrete time quantum Markov Chain (QMC).

Suppose H with partial density matrices D. Let E be the set of endo-
functions on D and define (€ + F)(p) = E(p) + F(p) and (€ o F)(p) = E(F(p))
for all £, F € E. (E, +, o) forms a semiring with monoids (E, +,0) and (E, o, I).
Define the preorder < by € < Fif Tr(E(p)) < Tr(F(p)) for all p € D. We
write E >~ FifE < Fand F <& and £ < Fif £ < F but £ % F. Obviously
0 < F for all F. The preorder < contains the partial order C.

We let O be the set of endo-functions, operators, on D such that F < I for
all F € Q. As an example, the two functions Fyy and Fp belong to O for all
unitaries U and projections P. Also Fp < Fy =~ I for all P and U. Obviously
for any two £, F € O the composition £ o F € Q.

We let a vector A = (po, . .., pn—1) have trace Tr(A) =", Tr(p;) and call it
a system state vector if Tr(A) = 1. When A = (po, ..., pn—1) we let Afi] = p;.
Intuitively, a system state vector A represents a state where the system is in
state 7 with probability Tr(Al[i]) and Ali] is the state for 7 in the associated
Hilbert space. For M € Q™*™ the matrix entry row ¢ and column j is denoted
M, ;. M is an operator on D" if >~ M ; ~ I for all j.

Definition 1 A QMC over H is a tupple M = (M, A) where A € D™ is an
initial system state vector and M is an operator on D™.

We sometimes write Ma for M = (M, A).

A QMC is a generalization of finite discrete time Markov chains without
atomic propositions since any such Markov chain M with n states can be en-
coded as (M, A) over a one dimensional Hilbert space with A = (po, ..., pn-1)



where Tr(p;) is the probability of initially being in the 7’th state of M and M ;
is the probability of entering state 7 from state j.

Given M = (M, A) where A € D™ a path of M is an infinite sequence of
path states, i.e. pairs of indices and partial density matrices,

7 = (i0y po) (i1, 1) - (i3, 95) -
with i € {0,...,n — 1}, Tr(pr) > 0, po = Afio], and prr1 = M, i, (Pk)-
Pathpq is the set of all paths of M. 7li] is the ¢’th element of 7. prefiz(m) is
the set of all prefixes of m and Path]jﬁ = {7 € prefiz(r)|m € Patha}. |7| is the
length of 7 and last(7) is the last pair in 7 if |#| > 0.

The evolution of M = (M, A) is an infinite sequence of system state vectors
defined as a series of applications of Ml on A, i.e. the evolution of M is

AMA)(M?A) ... (M'A)...

M is trace preserving because M is an operator, i.e. Tr(M‘A) = 1 for all i. Also
we may by induction in ¢ prove that

Lemma 1 For alli 3° {Tr(p;) |7 € Pathm,wli] = (4, p;)} =1

5.3 Probability Space

Let Pathaq be the set of possible outcomes in the probability space for M. We

have to choose a non-empty collection of subsets of Patha, as events to which

we want to assign probabilities. This set of events must form a o-field. Like for

ordinary Markov chains we let the set of events be induced by cylinder sets.
For all 7 € Path’j:f define the cylinder set Cyl (%) by

Cylj () = {m € Pathp |7 € prefiz(m)}

Hence Cyl,,(7) is the set of all paths in Pathaq starting with 7. Note that if 7
is the empty prefix e then Cyl,(7) = Path .

Definition 2 Let Y5 be the least o-field that for all © € Path’f\ff contains
Cyl pq (7).

The probability for a cylinder set is defined by Praq(Cyl v((€)) = 1 and whenever
last(7t) = (i, p) for some i then

Praa(Cylp, (7)) = Tr(p) (1)

We let Praq(0) = 0. If {Cyl ()} is a collection of pairwise disjoint sets we
define

Pra(UCHLp(7:)) = D Praa(Cyl g (2))

Hence Pr a4 is a premeasure on Y54 and from classical probability theory there
exists a unique extension of Praq to a probability measure on ¥ ,.

For Mg defined in Figure 2 Patha, = {mq1}. Hence Cyly, (%) = {mq1}
for any finite path 7 of Mg;. The least o-field for Mg, obviously is {0, {mq:}}
and P?"Mm({ﬂ'gi}) =1.

10



0 0 0 0 0 0 0 0 0

Fx 0 0 0 0 0 0 Fu Fu

0 Fp, Fr O 0 0 0 0 0

0 Fp, O 0 0 0 0 0 0

Mpy = 0 0 0 Fm O 0 0 0 0
0 0 0 0 Fp, 0 0 0 0

0 0 0 0 Fp 0 0 0 0

0 0 0 0 0  Fa, 0 0 0

0 0 0 0 0 0 Fa_ O 0

Figure 4: Matrix representation for the graph for PO.

5.4 Example

We may define a QMC Mpy = (Mpg, A) for the program PO defined in Figure 1
with A = (po,0,0,0,0,0,0,0,0) where py = |000) (000| and with the graph for
PO depicted in Figure 3 where {Fy, P1} is the projective measurement on the
qubit referred to by the variable c. The matrix Mp, is defined in Figure 4.

Since S2 is the final state of PO its denotational semantics may be defined as
the limit of the evolution of Mpg for the index representing S2 while disregarding
the part of the system representing the variable c, i.e.

[PO] = Trp, ( lim (Mpo"A)[2])

lim
n— o0

Writing p;; for |ij) (ij| and p;ji for |ijk) (ijk| the path

7o = (0, po) (1, p100) (3, p100) (4, [=) (~] © poo)

11



is the initial finite path for all paths in Path,, and Prag, (Cyly,, (70)) = 1.
After 7y a measurement of the coin is done and the two following paths bring PO
back to S1 after having incremented and decremented respectively the register

>

0(5, 5000) (7, 5£001) (1, [+) (+] ® 3p01)
70(6, 50100)(8, 5p111) (1, [=) (=] © 5p11)

T =

P

Notice Prag, (CYlpg,, (1)) = Prate, (Cylag,, (2)) = 0.5. #; and 7» each have
two continuations

||
>

1(4, 4P001)

:]>
I
>

.\_]>
I
»

(2

2(2, po11)

13, 3p101) (4, 1=) (=] ® $po1)
2(3, $p111) (4, =) (=] © p11)

where Pr g, (Cylg,, (7)) = 0.25, i = 3,4,5,6. 73 and 74 lead to

:]>
H

Cyl g, (73) = {71(2, $p001)*}
Cyl gy, (1) = {72(2, Fpo11)”}

where the register is equal to 1 and 3 respectively with equal probability 0.25.
In general for n > 1 we have paths with odd register value ij

™ = 73 (2, 550 p0is)”
for some 7% with Pr g, ({m9}) = 5, and paths with even register value i

1

7l = 74 (2, Wﬁom‘)w

n

for some 7% with probability Prag, ({7}) = 5.

6 Reachability Events

How to reason about programs in our programming language? How e.q. to
calculate the probability of reaching a set of states in a program execution? For
instance, for the program PO in Figure 1 we may ask what is the probability of
the event ”there is a path to S2 such that the register value is 1”.

Suppose M = (M, A) over H with computational basis {|0),...,[2" — 1)}
and where M is an m square matrix. Using a temporal logic like notation we
may write ¢.5 for the event ”a state in S will eventually be reached” where S
represents a set of path states and is a non-empty subset of

{0,197 € {0,....m —1},5 € {0,....2" ~ 1}

We say (i, p) satisfies S and write (i, p) - S if there exists (7, |j)) € S such that
Tr(l7) (4| p) > 0. We say i satisfies S and write ¢ - S if (i,p) b S for some

12



p. We write @ = S if last(7) = S. We define S; ; = {(i,]7))} and let S; be
the set U;S; ;. Note that {(4,|j))} may be regarded a qualitative proposition
which (i, p) satisfies or not. US;y is a disjunction of all the propositions S; j.
Intuitively (7, p) satisfies UpS; ; if the system states in H the partial density
matrix p represents are contained in the subspace being the span of > |k).

For the reachability event ¢.5 we formally define

Pray(08)= > Pru(Cylpy(7) (2)

7TEPath am(S)

with Path(S) = {7 € Path’j\z |7+ S, V&' < .4’ B S} writing ' < 7 if 7/
is a prefix of # and & # #’. Observe that the cylinder sets in Equation 2 are
pairwise disjoint and since Path(S) is countable the event .S is measurable.

6.1 Transient state probabilities

Given a QMC M = (M, A) the system state vector A,, = M"A contains the
probability Tr(A,[i]) of being in state (i, A,[i]) after n steps of evolution of M.
We call such a probability a transient state probability for i.

Suppose an event (:S;. Its bounded variant (¢="S; saying that S; must be
reached in at most n evolution steps can be computed as a transient state prob-
ability for ¢ by M’ = (N, A) where N is as M except that ¢ must be absorbing,
that is N; ; = I and N;; = 0 for all j # i. Note that N indeed is an operator
so M’ is well-defined. It is obvious that Pr(0<"S;) = Pray(0="S;) and
Prag (07™S;) = Tr(A'[i]) where A’ = N"A.

If the event is O="S; ; we compute A’ as above and identify and interval by
the projection P = |j) (j| such that

po < PTM(QSnSi,j) <p1

where pg = Tr(Fp(A'[i])) and py = Tr(A'[i]) if Tr(Fp(A'[{])) > 0, otherwise
p1 = 0. Due to Lemma 1, intuitively pg is the sum of the probabilities of P for
each finite paths leading to 4, and p; is the sum of the probabilities for each
finite path leading to 4 if at least one path satisfies P.

More generally if we have O<"S where S = US; ; for a fixed i and several
j’s we compute py and p; as above but where P = Z(i,u))es l7) Gl

6.2 Constrained Reachability

Reconsider the graph in Figure 3 and suppose we want to reach program state
S2, but only through certain other program states and requiring only specific
register values in S2. The event may for instance be ”S2 will eventually be
reached such that the register value has only been incremented and is 1”. This
is a constrained reachability event and can be formalized by Ts, U So 1 where

Tso = SoUS1US3US,USsU Sy
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We define TU S as a generalization of ¢S by

Pry(TUS) = > Prpq(Cylpg (7)) (3)
#EPathp (TU S)

where Pathp(TUS) = {7 € Pathjj\:”fr FS Ve<d <7 bT,7 1/ S}
Observe that also in this case the cylinder sets in Equation 3 are pairwise disjoint
and since Path(T U S) is countable the event T'U S is measurable.

The bounded variant of T'U S is defined by

Pr(TUS"S) = > Pr(Cyl py (7))
#EPathp (T USSR S)

where Pathp(TUS" S) = {# € Pathp(T U S) | |7| < n}.

6.2.1 Transient state probabilities

As we saw in Section 6.1 the probability of bounded reachability events may
be found as transient state probabilities, and the same holds for constrained
reachability events on the form UT; US™ S.

Assume a QMC M = (M, A). Computing an interval for Pr(UT; US™S)
we modify M such that N in M’ = (N, A) is M except that all j either satisfying
S or not satisfying UT; become absorbing in N. Intuitively in the revised N one
stays with probability 1 in nodes satisfying S and nodes not satisfying UT;
cannot be traversed. Obviously N is then an operator and M’ is well-defined.

If S = UpS, k, hence as in Section 6.1 we may first compute N"A and then
make projections.

6.2.2 Example

Suppose we are interested in calculating the probabilities of pure constrained
reachability events and not their bounded versions. One can imagine that such
probabilities may be calculated as transient state probabilities over the limit of
evolutions of QMCs. However, such computations may be infinite and rather
cumbersome in case of large matrices. Instead, we may turn to equation solving
as is common for finite DTMC’s, see e.g. [1]. We hence devise a two-phase
algorithm where first a graph analysis is performed to compute the subset of
nodes that can reach the goal nodes in one or more steps. In the second phase
we solve a linear equation of operators on partial density matrices.

Let us look at an example. How e.g. to calculate the probability of the event
T50U Sy, for PO defined in Figure 1 with its graph representation in Figure 37
The first part of the algorithm identifies that nodes 2, 6, and 8 cannot reach the
goal node 2 in one or more steps. Hence we define a matrix Ag, leaving out the

14



rows and columns for the identified nodes in the matrix Mpq in Figure 4.

o 0 0 0 0 0
Fx 0 0 0 0 Fu
0O Fp, 0 0 0 0
AS 2 =
0O 0 Fg O 0 0
0O 0 0 Fp 0O 0
0 0 0 0 Fa O

A matrix in a QMC is defined with the purpose of evolution of a system, i.e.
applying Mpo on a state vector will give the next state vector in the evolution.
However, in our case we are interested in an iterative backward analysis com-
puting in the initial step those states that can reach the goal states in one step
and in the ¢4 1’th step calculating those states that in one step can reach states
that can reach the goal states in i steps.? For that kind of calculations the
transpose AL, of Ag, is suitable.

0 Fx O 0 0 0
0 0 Fp O 0 0

T 0 0 0 Fg O 0

Asp =
0 O 0 0 Fp 0
0 0 0 0 0  Fa,
0 Fg O 0 0 0
We hence aim to solve the equation system

Agy |2) + [ihs2) = |) (4)

with |x) = (zo, 21, %3, 24, T5, ¢7) and |sa) = (0, Fp,y,,0,0,0,0). Intuitively the
solution to the variable x; is an operator such that (4, p) satisfies Tgo U So 1 with
probability Tr(z;(p)). Poo1 = |001) (001] is the projection leading from S; to
So.1. The equation system (4) can be written as

|z) = (Fx ow1, Fp, 0 €3 + Fpyg, Fr © X4, Fp, © 5, Fa, 0x7,F 01)
and reduced to

g =Fx om
x1=Fp oFgoFp,0oFa, oFgoxs+ Fpy,

If we did not use the transpose A2, but Ag, instead the equation for o would be
o = 0 which is not what we are looking for. Recall we did a backward analysis
solving the equation system and therefore in the solution to x; the operators

2In this example we need not consider when states are already a goal state since no initial
state is a goal state.
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appear in inverse order. Hence letting £ be the operator £ = Fg o Fa, o Fp, 0
F o Fp, we infer the corresponding recursive continuous endo-function as a

solution to x;
-7:52(]:) :]:Po(n +‘7:'(5)

with least fixed-point
oo
pFs2 = Z]:POOI (51)
i=0
A solution for zy and hence the initial state SO is then Fgo = gz 0 Fx.
Consider the example Fso(pooo) where p;j, = |ijk) (ijk| then

Fso(pooo) = pFs2(pioo)
= Zfio ]:Pom (gz)(p100)
_ Zio(%)Q(lJFM)POOl

= %Pom
Hence the probability of Ts, U Sy 1, i.e. the trace of Fso(pooo), is 2% ~ 0.251.

6.2.3 Computing Constraint Reachability Probabilities

As we saw above, probabilities of constraint reachability events can be ana-
lyzed via the least fixed-point of mutual recursive functions over partial density
matrices. In this section we prove the correctness of such an approach where
the probability of a constrained reachability event is to be within a non-trivial
interval determined by a fixed-point.

Given M = (M, A) and TU S where S = UpS,p and T = UT,. Let N be
M but where rows and columns with indices not satisfying 7°U S have entries 0
and also N; , = 0 for all 7. Then N generates simultaneously recursive functions
Fi: (D — D)" = (D — D) defined by

Tifi=a

fi X ’...,Xn— = 1
(Xo 1) { >, X o N7, otherwise

Each F; is well-defined since j sz < I. Furthermore define the endo-function
Fgr on (D — D)" by
fS,T(XO7 o 7Xn71) = (‘FO(XO7 L] 7Xn71)7 o 7}-n71(X07 R 7Xn71))

The lifted partial order (D — D,C) is a CPO. A Cartesian product of n CPOs
is a CPO under componentwise ordering C,,, so ((D — D)",C,,) is a CPO. All
F; are continuous if they are continuous in each argument, which they are, and
hence Fg r is continuous and its least fixed-point uFs 7 is, letting L = (0,...,0),
the least upper bound of the increasing sequence

LCFsr(L)T...CFip(L) ...
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A solution to X; is an operator G; on D. Intuitively G;(A[i]) is the sum
of those p where there exists a path m = (i, A[i]) ... with a prefix # such that
last(7t) = (a, p) and for all #’ where € < #’ < 7 then 7' I/ S and #’ - T. Hence
Tr(G;(Ali])) is the probability of reaching a from i through indices satisfying
T.

Given the existence of uFsr = (Go,...,Gn_1) the probability Pr, (T US)
can be bound by the sum of the traces of (FpoG;)(A[i]) and G;(A[i]) respectively
where Fp = > |b) (b|.

Theorem 1 Let M = (M,A), S = UpSap, and T = UT,, and let uFsp =
(goa sy gn—l) and -/—"P = E |b> <b| then

po < Prapq(TUS) < py

where po = 32; Tr((Fp o Gi)(Ali])) and py = 3=; Tr(Gi(Ali])).

Proof Let M = (M, A), S = UpSqp, T = UT,, and let pFsr = (Go,...,Gn-1)
and Fp = Y |b) (b|]. Due to Equation (1) and (3) it is sufficient to prove

ZTr Y AING) ES v (last (7 <ZTrgl
frePathM(TUS)
where Tr(last(#)) = Tr(p) when last(#) = (j, p) for some j. Letting
FU(Xoy .y Xn1) = X;
FI (Xo,. ., Xpm1) = Fi(F(Xor- o, Xnoa), ... F)

n

(X0, Xn-1))
then since for j > 0

Fir(D) = Fo(F L) B Facd (R (L), FATi (L)
G, is the least upper bounds of the increasing sequence

Gl = F(F (L) FTi)

so it is sufficient to prove for all j that
> Tr((FpoG))(All]) < > Tr(last(7)) (5)
i #€Path p (T USI S)

and

Z r(last(#)) < Z Tr(GI (A (6)

#E€Pathp (T USI S)

Notice that Qg is inductively defined by

Iifi=a
-

0 otherwise

gt Iifi=a
’ B LGl o N7, otherwise
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We first prove (6). Assume 7 € Pathp(T U=/ S). Then for some iy, ..., %z
with |7 < j

T = (i1, p1) - ()], P])
where p1 = Afi1], and ppy1 = My, 4, (pr). Also (ijz), pjz)) S s0 iz = a and
when k < |#| then (ig, px) F T and (ig, pr) 1/ S. Hence N =M S0
there exists

Tkt1,lk Tht+1,0k

Fi=IoN] o---oN’

La| =2, 7| —1 1,12

such that Tr(F2 (p1)) > 0. Therefore, for any # = (i, A[i]) ... € Pathp(T U S)
there exists an operator F% with F.(A[i]) = p, last(7) = (a,p). Then letting

Path’\(TUSI 8) = {7 = (i,Ali]) ... | & € Pathp(T U S)}

by definition of G we have for all i

> THFLALD) < 37 Tr(G (Ali)

#€Path’, (T U<I S)

from which we infer (6). Next we prove (5). If >, Tr((Fp oG/)(A[i])) = 0 we are
done. Suppose instead Tr((FpoG!)(A[i])) > 0. By definition FpoG] = >, &
where each &}, is on the form

gk:fPOIONT o...oNT

1,01 11,12

where [ < j. Also, for each & where Tr(E,(A[i])) > 0 there exists

ﬁ-k = (Z.lvpl) e (Z.l7pl)

where iy =4, p1 = A[i], pms1 = M, i, (Pm), Tr(Fp(p)) > 0. Alsoi; = a and
im =T, iy i/ S for all m <. Therefore 7 S and Ve < 7 < 7.7 =T, 7t/ S
and hence 7, € Path'y (T U</ S). It then follows that for all 4

Tr((Fp o GI)(Ali])) < > Tr(last(#))

w€Path’ (T U<I S)

from which we infer (5). O

Needless so say, the probability intervals of bounded constrained rechability
events T'US* S may be computed by fixed-point approximations F§ ,.(L).

On a final note, why an interval and not an exact probability in Theorem 17
Reconsider the example from Section 6.2.2 where we calculated the probability
of reaching a certain state where the register value is 1. In the example the
register always possesses just a single value, it is never in a superposition having
several values simultaneously with some probability. Computing the probability
is a matter of reachability of path states (2,p) where Tr(Fp,, (p)) > 0. For
the successful state we have Tr(Fp,,, (p)) = Tr(p). However, commonly for
S = UpSap and P = 3, |b) (b] we only know Tr(Fp(p)) < Tr(p). Therefore
we cannot in general compute the precise value of Pra(TUS), we can only
constrain it by an interval.
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7 Conclusion

We have presented a simple imperative quantum pseudo programming language
with a denotational semantics similar to [10] that leads naturally to our def-
inition of a QMC. The probability measure of a QMC is defined similar to
the probability measure for a DTMC in contrast to a super-operator valued
measure as in [2]. Our main novel contribution is the demonstration of how
intervals for probabilities for bounded reachability events may be computed as
transient state probabilities and how probability intervals for unbounded reacha-
bility events may be computed as the least fixed-point of a set of linear equations
over operators on partial density matrices.

Our notation for constraint reachability events allows only formulas on the
form UT; U U; S, ; where k is fixed, so as future work it would be interesting to
extend our framework to model checking properties in quantum extensions of
e.g. CTL and LTL. How would e.g. model checking in our framework compare
with the algorithms presented in [11]? Also, it would be interesting to pursue
a refinement of the QMC probability space to allow for exact calculation of
probabilities instead of just intervals. Finally, we plan to investigate under
which conditions a QMC has a finite number of path states and investigate how
such finiteness may influence the algorithmic complexity of model checking.
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